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Introduction
Hybrid systems driven by continuous-time Markov chains are used to model various practical systems where they may experience abrupt changes in their structure and parameters, such as failure prone manufacturing systems, power systems and economic systems. An important class of these hybrid systems is the jump linear systemṡ
x(t) = A(r(t))x(t) ,
where one part of the state x(t) takes value continuously in R n while another part of the state r(t) is the switching signal takeing values in a finite set S = {1, 2, · · · , N }. Over the past decades, a great deal of attention has been devoted the study of this class of systems (see, e.g., [10] , [2] , [11] and [15] ). Since time delays and uncertainties often appear in practical systems and may induce poor performance and instability, uncertain jump linear systems with time delays have also been studied by many authors (see [10] - [17] ). Furthermore, if r(t) is a Markovian chain and environmental noise is taken into account as well as time delay and uncertainty, the system becomes a stochastic delay system with Markovian switching (1), also called a hybrid stochastic delay system (see, e.g., [7] ).
Recently, analysis of stability of the Stochastic systems have received much attention (see [4] - [9] , [16] and [17] ). These works can be classified into two categories according to their dependence on the information about the size of time delays of the system, say, they are either delayindependent results ( [6] , [8] , [9] and [16] ) or delaydependent criteria ( [5] , [7] , [9] and [17] ). Generally, for the cases of small delays, delay-independent results are more conservative than those dependent on the size of delays. However, the existing delay-dependent results do not deal with the structure of the diffusion but estimate its upper bound, which may induce conservativeness.
This paper is concerned with the problem of delaydependent stability of uncertain stochastic delay systems with Markovian switching. By the LMI approach, we present a delay-dependent criterion for exponential stability of uncertain hybrid stochastic delay systems, which exploits the advantages of structure of the diffusion and reduces the conservatism of the existing methods. Numerical examples are conducted to show that our results are considerably less conservative than the existing ones.
Problem statement
Throughout the paper, unless otherwise specified, we will employ the following notation. Let (Ω, F, {F t } t≥0 , P) be a probability space with a natural filtration {F t } t≥0 and E[·] be the expectation operator with respect to the probability measure. If A is a vector or matrix, its transpose is denoted by A T . If P is a square matrix, P > 0 (P < 0) means that P is a symmetric positive (negative) definite matrix of appropriate dimensions. I stands for the identity matrix of appropriate dimensions. Denote by λ M (·) and λ m (·) the maximum and minimum eigenvalue of a matrix respectively. Let | · | denote the Euclidean norm of a vector and its induced norm of a matrix. Unless explicitly stated, matrices are assumed to have real entries and compatible dimensions. Let h > 0 and C([−h, 0]; R n ) denote the family of all continuous R n -valued functions ϕ on [−h, 0] with the norm ϕ = sup{|ϕ(θ)| :
Moreover, let w(t) be a scalar Brownian motion defined on the probability space and let r(t) be a right-continuous Markov chain independent of w(t) and taking values in S = {1, 2, · · · , N } with generator γ = (γ ij ) N ×N given by
where ∆ > 0 and γ ij is the transition rate from i to j if i = j while γ ii = − j =i γ ij .
Let us consider an n-dimensional uncertain stochastic delay system with Markovian switching
, where x(t) ∈ R n is the state vector; positive scalar constant h is time delay of the system; A(i, t), B(i, t), , C(i, t) and D(i, t), i ∈ S, are matrix functions with time-varying uncertainties described as follows
where A i , B i , C i and D i are known constant matrices while uncertainties ∆A i (t), ∆B i (t), ∆C i (t) and ∆D i (t) are assumed to be norm bounded, i.e.,
with known constant matrices
, and E Di , and unknown matrix functions F Ai (t), F Bi (t), F Ci (t) and F Di (t) having Lebesgue measurable elements. The parameter uncertainties ∆A i (t), ∆B i (t), ∆C i (t) and ∆D i (t), i ∈ S, are said to be admissible if conditions (3) hold.
Denote
for all t ≥ 0, which are also written as f (t) and g(t) in short respectively where there is no ambiguity. One can observe that
where
This implies that both f (t) and g(t) satisfy the local Lipschitz condition and the linear growth condition. According to Theorem 8.3, p303, [9] , there exists a unique continuous solution denoted by x(t; ξ) or simply x(t) to equation (1) . It is known (see, e.g., [9] ) that {x t , r(t)} t≥0 is a
is defined as, e.g., (3.2) in [7] .
In this paper, we are to establish new delay-dependent sufficient conditions for robust exponential stability of uncertain stochastic delay system with Markovian switching (1) . For simplicity only, we take single delay h in our model. The proposed method can be easily extended to those cases with multiple and distributed delays.
By the end of this section, let us introduce the following definition and lemmas that are useful for the development of our results.
Definition 1 ( [3])
The uncertain stochastic delay system (1) is said to be robustly exponentially stable in mean square if there is a positive constant λ such that lim sup
for all admissible uncertainties (3).
holds for any pair of symmetric positive definite matrix G ∈ R l×l and positive number r > 0. v(s)ds are well defined, then the following inequality holds
where M i and G, i ∈ S, are symmetric matrices. Then
3 Delay-dependent exponential stability Sufficient conditions for robust exponential stability of uncertain hybrid stochastic delay system (1) are proposed as follows.
Theorem 1 The uncertain stochastic delay system with Markovian switching (1) is robustly mean-square exponentially stable provided that there exist matrices P i11 > 0, Q > 0, R > 0, P i21 , P i22 , P i23 , P i31 , P i32 , P i33 , and scalar numbers β Ai > 0, β Bi > 0, β Ci > 0 and β Di > 0 such that
LMI (6) holds for all i ∈ S, where
and entries denoted by * can be readily inferred from symmetry of the matrices. Proof. By notation (4), we can rewrite the hybrid stochastic delay system (1) in short as
on t ≥ 0 with initial data ξ. So we have
By (4) and (8), we observe that
f (r(s), s)ds + g(r(s), s)dw(s) (10) for all i ∈ S and t ≥ h. Choose a Lyapunov-Krasovskii functional candidate for system (7) as follows:
for i ∈ S and t ≥ h. Let ε be a positive real number to be determined. For any τ ≥ h, by the generalized Itô's lemma (see, e.g., [16] ) and Fubini's lemma, we have
where LV (x t , r(t), t) =LV 1 (x(t), r(t), t) + LV 2 (x t , r(t), t) + LV 3 (x t , r(t), t).
(13) By Lemma 3, for any i ∈ S, we have LV 1 (x(t), i, t) = 2x
for all i ∈ S. By equalities (9), (10) and (17), we have 2x
For any i ∈ S, let z
T . Then, by Lemma 1, we have 
Substitution of (18)- (19) into (14) yields
where symmetric matrix Γ i is given as follows
Moreover, by Lemma 2, (15) gives (21) while (16) gives
By isometry property, we have
(23) Therefore, substituting inequalities (14)- (23) into (13) and taking expectation on the both sides yield
By Schur complement, inequality (6) implies thatΓ i < 0. So we have
By definition of (11), we see
Substituting these into (12), we obtain that
Since
is a finite positive number since x(t) is a unique continuous solution to equation (1) . So we have
This implies
which completes the proof.
Examples
In this section, we present some examples to illustrate the effectiveness of the method proposed in this paper. Example 1. Let r(t), t > 0, be a right-continuous Markov chain taking values in S = {1, 2} with the generator
Consider a scalar stochastic delay system with Markovian switching
dx(t) = [a(r(t))x(t)+b(r(t))x(t−h)]dt+σ(r(t))x(t−h)dw(t) ,
where a 1 = −1, a 2 = 1, b 1 = b 2 = −1 and σ 1 = σ 2 = 0.1. By the results of [5] , system (32) are exponentially stable and asymptotically stable in mean square if the upper bound of time delay h max < 0.3996 and h max < 0.4127 respectively. However, by Theorem 1, system (32) is exponentially stable when h ≤ 0.6411, which is much less conservative.
Example 2. Let r(t), t > 0, be a right-continuous Markov chain taking values in S = {1, 2} with the generator γ = (γ ij ) 2×2 = −6 6 1 −1 .
Consider a scalar stochastic delay system with Markovian switching dx(t) = (B r + ∆B r )x(t − h)dt + ∆D r x(t − h)dw(t) , The problem of stability of system (33) was studied in Example 9.8, p342, [9] . For the case of δ = 0.1, inequality (9.51), p343, [9] gives h max < 0.0235 for exponential stability while applying Theorem 1 yields h max = 0.2375. But for the case when δ = 0.26 > 1 3 + 0.5 √ 3 = 0.2587 , the result in [9] does not work while Theorem 1 gives h max = 0.2175 for exponential stability.
Conclusion
This paper has presented a delay-dependent criterion for robust exponential stability of stochastic delay systems with Markovian switching in terms of LMIs. It should be pointed out that introduction of (9), (10) and (17) helps exploit the structure of diffusion of the system and deal with the crossing terms. This leads to a less conservative result. The above numerical examples have verified the effectiveness of the proposed method.
